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Abstract —Lossy coplanar-type transmission lines are ana-
lyzed based on the hybrid-mode formulation by combining the
spectral-domain approach with the perturbation method. Intro-
ducing a finite thickness of metallization and choosing the
proper basis functions for the thick conductor model prevent the
integrals used for calculating the conductor losses from becom-
ing singular when evaluated at the conductor edge. Also, advan-
tage is taken of an orthogonality relation which is used to reduce
the double infinite or semi-infinite integral to a single integral,
thus reducing the computation labor drastically. Numerical
computations by new basis functions for the thick conductor
show convergence rates as fast as those for the zero-thickness
cases. Numerical results include the effective dielectric con-
stants, characteristic impedances, and total losses (conductor
and dielectric losses) for slot lines and symmetrical and asym-
metrical coplanar waveguides.

1. INTRODUCTION

HE usefulness of coplanar-type transmission lines,

e.g., slot lines and coplanar waveguide (CPW), is
increasing at higher microwave and millimeter-wave fre-
quencies. At these frequencies, the performance quality
of microstrip lines deteriorates because via holes are
required for shunt element connections. Miniaturization
at higher frequencies requires accurate analyses for the
propagation characteristics. Propagation characteristics,
such as phase constants and characteristic impedances, of
lossless coplanar-type transmission lines have been inves-
tigated extensively based on the quasi-static [1]-[13] as
well as the hybrid-mode formulation [2], [4], [S]. In these
transmission lines, the metallization thickness effect, in
general, is larger than that of striplines because of the
field configurations [5]-[7]; thus analytical methods ought
to take this effect into consideration. For the lossy trans-
mission line case, attenuation should be evaluated in
addition to the phase constants and characteristic
impedances [8]. Most frequency-dependent loss calcula-
tions have been based on the perturbational scheme with
the assumptions that the metallization thickness is zero as
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Fig. 1. Coplanar-type transmission lines: (a) slot line; (b) symmetrical

coplanar waveguide; (c) asymmetrical coplanar waveguide.

well as sufficiently greater than the skin depth [9], [10].
These loss power calculations require evaluation of either
double infinite or semi-infinite integrals. However, calcu-
lations based on a zero-thickness conductor cause a com-
putational difficulty, in which the power lost in the con-
ductor is not principally integrable [11]. The integrand
contains a pole of first order owing to the § /2 variation
of the field near the conductor edge, where & is the
distance from the edge. To avoid a logarithmic diver-
gence, the integrals are terminated at a definite distance
just short of the edge. This termination point is usually
determined by the conductor thickness only [9], but it
should depend on other parameters, such as the line
width and the dielectric constant.

In this paper, the spectral-domain approach [12], [13] is
extended to analyze coplanar-type transmission lines with
finite metallization thickness, and the perturbation
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method is introduced to evaluate losses taking the metal-
lization thickness effect into consideration. Introducing
the finite metallization model and choosing the proper
basis functions for the model make the integral remain
finite up to the conductor edge § = 0. Also, the use of the
orthogonality relation of the modes reduces the double
infinite or semi-infinite integral for the loss-power calcu-
lation to a single integral, thereby reducing the computa-
tion labor drastically.

II. HyeriD-MobDE ForMuLATION PROCEDURE
oF E1LECTROMAGNETIC FIELD

The formulation procedure for the lossless case is based
on the extended spectral-domain approach. It has been
presented in [13] and is explained here only briefly for the
symmetrical CPW shown in Fig. 1(b). The numerical
results for slot lines (Fig. 1(a)) and asymmetrical CPW
(Fig. 1(c)) will be presented later. Losses are assumed
small and will be accounted for by the perturbational
scheme which follows. Electromagnetic fields in the open
regions (y >t, y <0) are expressed by the Fourier inte-
gral representation in the x direction in the form

1 w®
EM(x,y,2)=—=| E{(y)e ' da:e™’’*
V2’7T —o

(m=1,3,4) (1)

while fields in the aperture region (¢ >y >0) are ex-
pressed by the Fourier series representation with respect
to the x direction as

1 Sl . .
E® X,9,2) = — E® e janx=)p—iBz (9
(x,y,2) ‘/2—Wn=2_mx(y) (2)
where B is the phase constant, ¢ represents the center of
the aperture, and the Fourier variables, «,, in the aper-
ture region are determined so that the boundary condi-
tions at the conductors are satisfied.

nw
o, = —.

o 3)

Applying the continuity conditions at the interface at
y = — h and introducing the aperture fields at y = ¢, eY(x)
and at y=0, e’(x), the electromagnetic fields in the
subregions can be related to the aperture ficlds eY(x) and
e*(x) [13]:

{7:"((,m)(a;x,y|x’)eU(x’)

o

E(”‘>(x,y,z)=f
xl

+ T (s x, ny’)eL(x’)} dadx' e B
(4)

H™(x,y,z) =f,f<1=/§m)(a;x,y]x’)eU(x’)
X«

+ Y (a;x, ylx’)eL(x’)} dadx' e F*

(5)
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EP(x,y,2) =f Z{T“gz)(n;x,ylx’)eU(x’)
+7="L(2)(n;x,yix’)eL(x’)}dx’e_’ﬁZ (6)
HO(x,y,2) = [ L{¥P(n;x,ylx)e(x")
X p

+ l=/L(2)(n; X, ny’)eL(x’)} dx' ez (7)
where the 77 and Y’s are dyadic Green’s functions.

III. PROPAGATION PARAMETERS FOR LOSSLESS
CASES

Applying the remaining boundary conditions (continui-
ties of the magnetic fields at the aperture surface y =t
and 0) to (5) and (7), we obtain the integral equations for
the aperture fields eY(x) and eX(x) and, implicitly, the
phase constant B. Then, applying Galerkin’s procedure
[2], [12], [13] to the integral equations, we obtain the
determinantal equation for 8. The phase constant g is, in
turn, substituted into (4)—(7) to obtain the electromag-
netic fields in each region. Then, characteristic imped-
ances are calculated by using these fields. The frequency-
dependent characteristic impedance is not uniquely
specified for the hybrid-mode propagation, and possible
definitions are [2], [7], [10], [13]

VZ
power—voltage basis:  Zp, = FO— (8)
0
. Py
power—current basis: Zpr = 57 (9
0
. Vo
voltage—current basis: Zyr= A (10)
0

where V, and I, are the voltage difference between
conductors and the total current on the signal conductor,
respectively. P, is the average power flow in the z direc-
tion, and it can be given by

(1)

Numerical computations and a discussion of impedances
based on these definitions are included in a later section.

1
P.=—Re| |EXH*n,dS|.
) (fs ? )

IV. Basis FUNCTIONS
In Galerkin’s procedure, the unknown aperture fields

eY(x) and e’(x) are expanded in terms of the appropri-
ate basis functions:

NX NX
efc](x’) = ‘Z U393 xk(x) ef(x/) = Z bxk xk(x)
k=1 k=1

N,

z

eg(x,) = Z azkfzk(x)

k=1

N,
ezL(x,) = kglbzkfzk(x)'
(12)
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For coplanar types of transmission line, such as slot lines
and coplanar waveguides, with metallizations of zero
thickness, the fields have a 6 ~1/2 variation near the edge
[14]. Taking this edge effect into consideration, the fol-
lowing basis functions have been proposed [2], [5]:

{225

et
(13)

where T,(x) and U,(x) are Chebyshev polynomials of the
first and the second kind, respectively. This set of basis
functions gives fast convergence, and accurate results
have been obtained for a small number of basis functions
for lossless cases [2], [5]. This set of basis functions has
also been used for planar transmission lines with finite
metallization thickness, and reasonable results have been
obtained for phase constants and characteristic impedance
calculations [6], [7]. However, when the fields expressed in
terms of this set of basis functions are used to calculate
conductor loss by the perturbation scheme, the resulting
integrand contains a pole of the first order at the edge
[11]. To avoid this divergence, the following basis func-
tions are used in the computations here:

2(x—c¢)

Ful2) = ) =0 252

[ 2(x—c 27 2(x—c
falx) = Ll_{(—W—)} C%G{—(—W—)}
- NI _
farl(x) = 1—{2(—XW—)} c;,{il{%(—’}V—cl} (14)

where C{(x) are Gegenbauer polynomials. The basis
functions in (14) represent the actual field variations
more properly near the edge of a conductor of finite
thickness by exhibiting 6 ~1/3 variations for the transverse
components of electric fields and 272 for the longitudinal
components of electric fields {14].

V. PertUrRBATION FORMULA FOR Lossy CASES

Attenuation caused by imperfect conductors and di-
electrics is accounted for by the perturbational procedure.
Loss caused by the imperfect conductor is determined by

PC
c_é?o

o (15)
The average power flow, P,, is given by (11) and the
power lost in the conductors, P, is given by

(16)

where H, is the tangential component of the magnetic
field on the conductor surface, C, in the lossless case.
Conventional methods [10] have neglected the metal con-
ductor thickness and used a set of basis functions which

1
_ 2
P.= ZRJCIH,J dl
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Fig. 2. Convergence of calculated results using two different sets of
basis functions.

have a 6% variation near the edge, which produces a
divergence when the integrals of (16) are performed up to
the edge. To avoid this divergence, the integrals were
terminated at a definite distance just short of the edge [9],
[10]. The magnetic field grows rapidly near the edge, so
the determination of the truncation point has a pro-
nounced effect on the value of the loss power. However,
the termination point was determined simply by the con-
ductor thickness only (6 = ¢ /270) [9], [10], while it ought
to depend on other parameters, such as the center strip
width and the dielectric constant. In this paper, we take
the conductor thickness into consideration and use appro-
priate basis functions, which have a 8~ '/3 variation (14)
instead of the 6 ~!/? variation of the zero-thickness cases.
The integrals can be evaluated numerically up to the
conductor edge at 6 = 0. However a direct evaluation of
the integration (16) should be avoided, because it requires
the semi-infinite x integral of the infinite « integral in (5)
and (7). Instead, we rewrite the contour integral (16) as

[JB L d= [ (B (+0)[ dr =21, (0~0) [ ds
(-0 de =2 [*|H(+0) [ ax

+2f0t[Ht(x ~a)| dz +2/0’|H,(x=b)|2dz.
(17)

Substituting (5) into (17) and utilizing the orthogonality
relation of the modes in each region, the first four inte-
grals on the right-hand side reduce to the single « inte-
grals, and only the remaining two y integrals are evalu-
ated numerically over the small interval ¢. This procedure
drastically reduces the computational labor required for
the conductor loss calculation (double integrals become
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Fig. 3. Characteristic impedances of slot line and symmetrical copla-
nar waveguide based on different definitions.

single integrals). If the integrals are terminated at some
point near the edge to avoid the divergence, then the
orthogonality relation can not longer be utilized. It not
only reduces the accuracy but also requires significantly
more computation time.

Loss caused by imperfect dielectric is determined by

Fa 18
oy = 2P, . (18)
The power lost in the dielectric, P, is given by
1
P,=—wetand | |E|? 19
4= 5 @€ tan fs dl I”dS (19)

where S, stands for the region occupied by the dielectric
media, and E is the electric field for the lossless case.

VI. REsuLTS

Preliminary computations have been carried out to
show the validity of the basis functions used in the pre-
sent method. Fig. 2 shows the convergence of the calcu-
lated results with respect to the number of basis functions
for symmetrical CPW. Two sets of basis functions from
(13) and (14) are used to calculate the effective dielectric
constants, defined as

€etf = (/3/“’\/ €olLo )2

for both zero (¢ = 0) and finite (¢ # 0) metallization thick-
nesses. The number of basis functions is increased to
N =15 for each case, and the percentage error for the
N =15 case is shown. Rapid convergence is observed for
both zero and finite-thickness cases by using (13) or (14).
Similar convergence has been observed for the calculation
of the characteristic impedances defined in (8)-(10). Ac-
curate values for P, and ¥, in (8)-(10) can be obtained
easily. The total current, I,, on the center strip, —a <

(20)
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Fig. 4. Propagation characteristics of symmetrical coplanar waveguide:
(a) attenuation constant; (b) comparison of characteristic impedances.
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x < a, is evaluated by

Io=[" {HO(x,y=—0)~ HO(x,y =1 +0)} d

—a

+f()t{H§2)(x =a,y)—HP(x=- a,y)}dy (21)

but the value I, obtained by substituting (5) and (7) into
(21) is somewhat lacking in rigor, for it is relatively
sensitive to variations in aperture fields. The expression
for I, that will be derived next is insensitive to variations
in the aperture fields and provides more accurate results
with a smaller number of basis functions, N. The total
current on the center strip can be expressed as

I=1(x))= [ {HO(x,y=—0)— HO(x,y =t +0)} dx

- x,
+ft{H§2)(x = xl’y) —H;Z)(x = - xl’y)}dy

0
(22)
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Fig. 5. Propagation characteristics of symmetrical coplanar waveguide:
(a) effective dielectric constant and characteristic impedance; (b) attenu-
ation constant. Dielectrics: e, =12.8, tan § = 0.0006, 2= 0.1 mm. Con-
ductor: p=1.7 pQ-cm, t =6 pm, P=0.3 mm,

where x, lies within the right aperture, a < x; < b. Multi-
plying (22) by e¢Y(x,) and integrating over the right aper-
ture, a < x; < b, we obtain

Io=jjeg(x1)l(xl)dxl{/:)ef{(x)dx}_ - (23)

Fig. 3 shows the frequency dependence of the charac-
teristic impedances of the symmetrical CPW and slot line.
For symmetrical CPW, all three definitions of impedance,
(8)—(10), are shown in the figure, while only values based
on the power—voltage basis (8) are provided for the slot
line case. Both sets of basis functions (13) and (14) have
been used for the calculations, but the difference is less

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 39, NO. 10, OCTOBER 1991

7.5

0—0 Eeff 150
o lo—e va
T —
,_(3 65L g
- 100 3
o N
a w
o e 551 8
> =Z Z
[ f_f <
Qv 50 {3
L S 45| a
to 3
[“ e sLoT L
a5 Zoy SLO INE %
0.0 0.1 0.2
W (mm)
(a)
4
o—o CPW
&— SLOTLINE
€
Q
e
ol
o’
%)
w)
(@]
4

®

Fig. 6. Propagation characteristics of slot line and symmetrical copla-
nar waveguide: (a) effective dielectric constant, and characteristic
impedance of lossless care; (b) attenuation constant. Dielectrics: e, =
12.8, tan 6 = 0.0006, # = 0.1 mm. Conductor: p=1.7 uQ-cm, t =3 pm.
f=60 GHz.

than 0.1% for N greater than 8. The frequency depen-
dence of the characteristic impedances of CPW is smaller
than that of slot line, and the difference of the values
between the definitions (8)-(10) is also small in this case.
Frequency-dependent hybrid-mode values converge to the
quasi-static values [3] in the lower frequency range for
CPW cases, showing the accuracy of the present method.

Transmission line losses are investigated in the follow-
ing. Total loss (conductor and dielectric) for simple sym-
metrical CPW is plotted against impedance in Fig. 4(a)
together with the published data [10]. A copper conductor
is assumed, and its thickness is chosen to be 3 pum [10].
The impedance values are evaluated based on the volt-
age—current basis (10) and are varied by changing the
center strip width, S, while the separation between the
grounded conductor, P, is kept constant. The curves of
[10] appear to be similar to our results. However, the
shape ratio, §/P, which provides the same impedance
value, is different from that in [10] (broken lines in
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Fig. 4(a)); that is, the impedance values in [10] are higher
than those by the present method (Fig. 4(b)). The metal
conductor thickness is neglected in [10], and the total
current on the center strip, /,, in the denominator of (10)
does not include the currents on the sidewalls. Also I,
was calculated by using (21) with ¢ = 0, which is relatively
sensitive to variations in aperture fields. In Fig. 4(b), the
impedance for the zero-thickness case (f = 0) is calculated
by using (23) with the basis functions of (14) for compari-
son. When (21) was used instead of (23) for the zero-
thickness case and a smaller number of basis functions
were used, the present method gave higher value of Z,.
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Fig. 5 shows the frequency-dependent characteristics of
symmetrical CPW. Attenuation constants (Fig. 5(b)) show
more dispersion than the effective dielectric constants
and characteristic impedances (Fig. 5(a)) for CPW.

Parts (a) and (b) of Fig. 6 show the effective dielectric
constant, characteristic impedances, and the total trans-
mission line loss for slot line and symmetrical CPW.
Equation (14) is used for the impedance calculations both
for the slot line and for the CPW in Fig. 6. We mention

- that the slot line characteristic impedance in Fig. 6(a) is

twice that of the CPW for the large center strip width, S,
and that the total loss is the same as that of CPW for the
large center strip width S (Fig. 6(b)).

Parts (a) and (b) of Fig. 7 show the effective dielectric
constant, characteristic impedances, and the total loss for
asymmetrical CPW. For the asymmetrical case, the volt-
age difference between the center strip and the ground
conductors is not uniquely specified except at zero fre-
quency [13]. To avoid any ambiguity, we choose the
power—current definition (9) here. The parameters are
calculated for different values of the slot width ratios
W, / W,. The location and width of the center strip are
varied such that the separation between the grounded
conductor, P, is kept constant. The value S for minimum
loss becomes lower with the ratio W, / W, (Fig. 7(b)) and
the impedance value becomes lower with the ratio W, / W,
(Fig. 7(a)); the impedance value for minimum loss then
remains about 50 (.

VII. CoNcLUSIONS

Lossy coplanar-type transmission lines have been ana-
lyzed by combining the spectral-domain approach with
the perturbation method. Introducing a finite thickness of
metallization and choosing the proper basis functions for
the thick conductor model make the integrals for evaluat-
ing the conductor losses remain finite up to the conductor
edge without the need to truncate the integrals at a
definite distance just short of the edge. Also, the orthogo-
nality relation can be used to reduce the double infinite
or semi-infinite integral to the single integral, thercby
reducing the computation labor drastically. Numerical
computations by new basis functions for the thick conduc-
tor show as fast a convergence rate as those for zero-
thickness cases. Numerical results include the effective
dielectric constants, characteristic impedances, and total
losses (conductor and dielectric losses) for slot lines and
symmetrical and asymmetrical coplanar waveguides.
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